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Asymmetry is an electronic mathematical journal which aims at giving the chance to the
readers, and the editor himself, to work on interesting mathematical problems or find infor-
mation about various mathematical topics. The problems presented may either be original or
taken from the existing literature or the web. Attempt will be made to be precise as regards
the problems’ original source. The level of the topics is undergraduate and beyond. Readers
are encouraged by the editor to submit proposals and/or solutions to proposed problems. Pro-
posals and solutions are preferred to be in IATEX format using what is necessary from the
preamble presented in http://www.asymmetry.gr/index.php?7option=com_content&view=
article&id=3, must be legible and should appear on separate sheets, each indicating the
name of the sender. Drawings must be suitable for reproduction. Proposals should be ac-
companied by solutions. An asterisk (*) indicates that no solution is available at the time
the problem is published. Questions concerning proposals and/or solutions can be sent by
e-mail to akotronis@gmail.com.

Editor’s note

The editor would like to invite the interested reader to visit the new mathematical forum
www.mathimatikoi.org

This forum is for university level mathematics, in the English language, and was made by
a group of Greek mathematicians.

Problems and Solutions

The source of the problems will appear along with the publication of the solutions

The Problems

V4-1 Proposed by the editor

(—nt ok < (1/2)!
Show that én(n+1)--~(n+k) = (anz - )

i=1

where k is a non negative integer and for k = 0 the second sum is considered to be 0.
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V4-2

V4-3

V4-4

V4-5

V4-6

v4-7

Proposed by the editor

i on 2)!
Show that Z(—l)k<z> (n—2K)"2 = n(TéH
k=0

Proposed by the editor

Let n be a non negative integer, m a positive integers and x € C. Show that for the values of
n, m,x for which the denominators don’t vanish, the following identity holds:

n n X
Z(_l)k (%) (mfk)x+n _ iSnO)
k=0 (m+n—%)( ) ™
1 =0
where 8,0 = A is Kronecker’s delta.
0 ,n#0
Proposed by Moubinool Omarjee, Lycée Henri 1V, Paris, France
For n € Z, let
11 .
Qn = J J eyl =yt g dy, In:={(m,n) € Z?:|m| > N, or n| > N} and
0Jo
SN o= Z A Q.
(m,n)EIN

Evaluate lim NSy, if it exists.
N—+o0

Proposed by Serafeim Tsipelis, Ioannina, Greece.
Show that . )
m 35 log 2
J xlog (1 — cosx) dx:—C(S)—T[ og — 1@,
0 16 8

where G is the Catalan’s constamﬂ and C is the Riemann’s zeta ﬁ,mct'Lon

Proposed by Serafeim Tsipelis, loannina, Greece.
+00 2
Evaluate J M
0 14 e®x
(*) Proposed by Cody Thompson, Chaneysville, Pennsylvania, USA, Allegany College of Maryland.
1 2 2
l In(1—x)In*(1 7 3 25
Show thatJ =Xl +x), _ T7m°C@) 2, .
0 X 48 16

1http://mathworld.wolfram.com/CatalansConstant.html
thtp://en.wikipedia.org/wiki/Riemann_zeta_function.
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V4-8 (*) Proposed by Konstantinos Tsouvalas, University of Athens, Athens, Greece.

n Mm/3]
. n\yx 1 . . A
1. Show that nl—L>Too <3> kE_O < k>2 =5 without using probabilistic methods.

n /3]
2. Can we find a better approximation of the quantity () Z <n> 2% than

3 k

k=0

m/3]
2\" n\, . 1
—k - _ ?
<3> > <k>2 5 o)
k=0
[ -] denotes the integer part.
Solutions

V3-1 Proposed by José Luis Diaz-Barrero, Technical University of Catalonia (BARCELONA TECH),
Barcelona, Spain.

Let ai, ag,...,an, be n > 2 positive real numbers. Prove that
ap ag a n
+ oo —> VR
ag +3y/aiad  asz+ 3¢/ aza§ a; + 3(/anad

Solution 1: Angel Plaza, Department of Mathematics, Universidad de Las Palmas de Gran Canaria,
Spain

a; + 6a
AP and then

By the AM-GM inequality \/aja$ <
a ap

> 5 y
ag + 3¢/ a;a§ 701+ Faz

and similar inequalities hold for the other quotients.
as ag
n

. . asg .
We may consider new variables x; = —, xg = —, X, = . Note that the new variables are
a a

1 2
positive and their product is equal 1. The inequality reads now as

> yrEo
3,25 =7
cyclic 7 + 7 Xn 4

Since function f(x) = and the desired

]

is decreasing in (0,1], then min f(x) = f(1) =
e g in (0, min 1(x) = (1)

inequality follows. ([l

Solution 2: Perfetti Paolo, Dipartimento di Matematica, Universita degli studi di Tor Vergata
Roma, via della ricerca scientifica, 00133 Roma, Italy
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The inequality is equivalent to

1 1 1

n
6+ 6+--.+721
ag 7/% a3 7/ 93 a 7/ af
01+3\/a>f 02+3\/:§ an+3\/¥
Now we define
ap as an
— = X1y T = X2y...y = Xn
an ap an-1
and then
n
1 n
[T-1— =
6 4
k=1 cye Xi + 3 Xy

By x = e'* we get
n
1 n
Ztk =0 = Z et + 3e6tc/7 =
k=1 cyc

The function f(x) = e* + 3¢%/7 verifies

6t 5t
o 1 e'(49¢' +249e 7 + 324e7) >0

49 (et +3e7)3

thus convex. We can apply Karamata’s theorem:

n

Letty >ty >t3 > ... > t, and Ztk = 0 (we can order the variables since the inequality is

k=1
symmetric). Since

the theorem yields

Solution 3: By the proposer
7

1+ 3t
. o . . a
we will see later on, then f is increasing and convex. Setting tx = / a K ,(1<k<n-1), and
k+1

an .
th =4/ — into f(t), we get
ap

! ; f(ty) > f ! ; | >f
n n

Consider the functionf : (0,+0c0) — R defined by f(t) = . Since f'(t) > 0 and f"(t) > 0, as
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on account of Jensen’s and AM-GM inequalities. Using the preceding inequalities, we have

Qi / 41 1

1
— - v - Z —
N 143w/ A

where a1 = a; and the statement immediately follows. Equality holds when a; = as =... = au.

Finally, we will prove that f is increasing and convex. Indeed, since

(1) = e 3t _ t5(7 +18t)
1+3t (14302  (1+3072
and
(1) 6t (45t% + 35t +7)
(14 3t)3
then, for all t > 0, trivially holds that f'(t) > 0 and f”(t) > 0. This completes the proof. O

Solution 4: OmranNn Kousa, Higher Institute for Applied Sciences and Technology, Damascus,
Syria

We will use the following property :

Lemma. Let A and o« be two real numbers such that A > 0 and « € [3 — 2\@, 3+ 2\@], and let ¢

be the function defined on R by ¢(x) = . Then @ is convex.

ex + Aexx

Proof. Indeed, if P(x) = e* + Ae®* then ¢” > 0 if and only if 2’2 — Yp” > 0, because | is
positive. But
21])/2(X) —ll)(X)ll)”(X) — e2x _}\(1_ Ax + (XZ)e(lJroc)x + 7\20(26200(

(1—o)x 1
:Memo«w(e M +4_a_)

Ax ell—a)x o

> AocellHox <6 — o — 1) >0
x

where the last inequality follows from the fact that 6 — o« — ! > 0 if and only if « belongs to
the interval [3 —2v/2,3 + 2V/2]. O

Corollary. Let A and « be two real numbers such that A > 0 and « € [3 — 2\/5, 3+2v2]. Then, for
every n (> 2) positive real numbers ty,tg,...,ty such that tite---t, =1 we have

o 1 n
Zt +7\t°‘21+7\
k=1 ¥ k

Z xk>, with xx = Inty, for
k=1
k=12,...,n. O

CRE

1 n
Proof. Indeed this is just Jensen’s inequality: ~ Z Q(xk) > @ (
k=1
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V3-2

Now consider n positive numbers aj, ag,...,an, and apply the corollary to ti,...,t, with tx =
axs1/ag, for k=1,...,n, (any1 = a;.) It follows that

= a n

Z klfcx [od = 1+ A

1 Okl T Ao tayy +
for every A > 0 and « € [3 — 2v/2,3 + 2v/2]. The desired inequality corresponds to A = 3 and
ox=6/T7. O
Proposed by the editor

If F,, L, and T,, are the n—th Fibonaccﬂ Lucaf] and Trtangulalﬂ number respectively, show that

0 (mod3) ,n#0 (mod>5)

2 (mod3) ,n=35 (mod 20)

1 (modd) ,n=10 (mod 20), n>1.
3 (mod5) ,n=15 (mod 20)

4 (mod5) ,n=0 (mod 20)

2F + n*TyFn — Loy =

Solution 1: Omran Kousa, Higher Institute for Applied Sciences and Technology, Damascus,
Syria
Using the fact that

Fn+m = Fan+1 + mean
and that Fyg = 6765 and Fig = 4181 we see that, for every n > 0 we have F, 99 = F, (mod 3).
This means that the sequence (F, (mod 5))n>0 has 20 as a period.

On the other hand, clearly, for n > 0, we have

M+3)Nn+6)—mn+1)

5 =5M+15=0 (mod 5).

Tn+5 - Tn =

Thus the sequence (nQTn (mod 5)) - has 5 as a period.

n>
Also, Since Ly =7=2=1p (mod 5) and L5 =11 =1 = L; (mod 5), we can show by an easy
induction that L,,,4 = [,, (mod 5) for every n > 0. So, the sequence (L,,;; (mod 5))1120 has 4 as
a period.

1 1+5 1—5
7 =3

— (a™ —=Db"), where a =

V5

a™ 4+ b", where a = 1+9\/5, b= 1_?\@

nn-+1) B N
2

see http://en.wikipedia.org/wiki/Fibonacci_number

, see http://en.wikipedia.org/wiki/Lucas_number

, see http://en.wikipedia.org/wiki/Triangular_number
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Let us consider U,, = 2]:?1 + n2TnFn — Lha1. Since 5 is a prime we know that F?1 =F, (mod 5), so
U, = (2+ nzTn)Fn —Lny1 (mod 3).

The discussion above shows that U, has 20 as a period. That is U199 = U, for every n > 0.

Therefore, to prove the desired conclusion we only need to verify that it holds for n =0,1,...,19.
But this is a straightforward verification :
n 0[1(2|3|4|5|6|7|8|9|10|{11|12|13|14|15|16|17 |18 |19
Fn. (0] 1]1]2/3/0(3|3|1|4| 04| 4] 3| 2| 0| 2| 2| 4| 1
T, (o] 1]2[4]ofo]1]2]4a4]0] o 1] 2] 4] 0] 0] 1] 2] 4] 0
Lhar | 13142134213 42| 1] 3] 4| 2| 1| 3| 4| 2
u, (4;0(0/0/0{2;0(0/0|0] 10| 0| 0] O] 3, 0]0] 0|0
(All the results are modulo 5.) This concludes the solution of the problem. O
Solution 2: By the proposer
We set a:= +\/Sr:mdb::l_\/g.
2 2
5
Consider the ring R = {p—i_rq\f:p,q €7, 5J[T€N*} and the field Fs. It is straightforward to

B}
check that f: R — F5 with p+;1\f — pr’l is a ring homomorphism and that

We have Fp =0 and for n > 1:

a™—b"

7Z3>F,—2n3" = —a" T4+ a" %o+ +ab" 2+ —2n3" R,

so, since f (Fy — 2n3™) =n3™ ' —2n3" = 0 and V/5 is irrational, we get that

Fpo=2n3" (mod 5) for n > 0. @)
Now it is easy to see, using the fact that a and b satisfy the equation x> —x —1 =0, that

Ly =Fu +Faa for n>1, (@i1)
so from (i), this gives that
Ly =2(n+1)3™! +2(n —1)3™!

— gn-1 (2(n +1)32+2n — 2) — 31514 1)

=3"1 (mod5) for n>1 (iii)
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Now from Fermat’s theorem and from and we get that

2F> + n®TFn — Logt = 2Fy + n*TF, — 3"

1
n2 MQngﬂ _gn

=4n3™ +
=4n3" + (n® +nt)3" — 3"

:3“<n4+5n—1>

=3" n —1)
B (mod 5) ,mnM#0 (mod 5)
B 3“*2 (mod 5) ,n=0 (mod5)

But, since 3* =1 (mod 5),

e For n =5 (mod 20): 3™2% =2 (mod 5)
e For n =10 (mod 20): 32 =1 (mod 5)
e For n =15 (mod 20): 3""2 =3 (mod 5)
e For n =0 (mod 20): 3"2 =4 (mod 5)

which completes the proof. ([l

l)nH]TI:I (% B j)

V3-3 Evaluate Z(— 2n 1 Onl

n>1

if it converges.

Solution 1: Omran Kousa, Higher Institute for Applied Sciences and Technology, Damascus,
Syria

Recall that, for x € [—1,1]

=~ n!
It follows that 5
= j
Z1( 1) H) 1T(L! ) m—/1-x2—1
n—=

Integrating on [0,1] we obtain

[eS) 3 .
Y (-1 (]):f(\/l—xhndx:;f—l

n=1

which is the desired conclusion. O

Also solved by Moubinool Omarjee, Lycée Henri IV, Paris, France
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V3-4 Let a, be the sequence defined by a1 = an + a;k, a; >0, keR.

1. Show that, for k > —1:

11 k Ilnn 1
an:(k'i‘l)k“nk“ <1+2(k+1)21’1+0<n ))

2. (*) Can we make a two terms estimate, as in [}, when k < —17?

Solution 1: OmraN Kousa, Higher Institute for Applied Sciences and Technology, Damascus,
Syria

1. In this part we assume that k > —1. Clearly the sequence (an)n>1 is strictly increasing, and
it cannot converge to a finite limit {, because if it does we would have 0 = 1/¢* which is
absurd. Thus, we must have lim a,, = 400, and consequently

n—oo

1
lim 2 — qim <1+ ) —1

n—oo dn n—00 aktl

Now, according to the Mean Value Theorem, for every n > 1 there exists some &;, € (an, ani1)
such that

k
ath — d = (k1) (angt — an)EX = (k+1) <‘E“)

It follows that
lim (ak+1 - a‘:jl) —k+1,

N0 n+1
and Stolz-Cezaro’s Theorem implies that
b
lim — =k +1

n—oo N

where we wrote b,, to denote akal for simplicity, and we have shown that b, ~ (k 4+ 1)n.

1 k+1 1 k+1
= (o) = (145)

o (1 B B o (1)

Now,

bn 2b2 b3

(k+ 1Dk 1

=b k+1 Ol

bkl 0 (g

(k+ 1Dk 1
=b k+1 — "
n k1= =40 (*)

It follows that,
by —by—(k+1) 1 lj(k+1)n+o 1
Inm+1)—Inn) ninl+1/m)\2 b, n))’
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Consequently
lim, Pnt—bn— (k+1) k
n—oo In(n+1)—Ilnn 2

Again, Stolz-Cezaro’s Theorem implies that
5"

lim ————— =
n—oo Inn

k
It follows that by, = (k+1)n + 3 Inn + o(lnn), so

bln _ (k—:l)n (l:LLQn) _ ln(n;ﬂl—lnn (lnn)

Replacing back in (%) proves that

n2

k Inn
buit = by +k+ 14 (In(n+1)~lan)+0 (7)

So, the series
o0

é <bn+1 —bn—(k+1)— g(ln(n +1)— lnn))

is convergent, and there is a real number { such that

n—o0 2

k
(= lim <bn— (k+1)n— lnn> .
In particular,

k
at=b, = (k+1)n+§lnn+€+o(1)

_ k nn o
—(k+1)n<1+2(k+1) o +O0(n ))

and finally
L 0(n1)> ,

k+1 Kk
an = \/(k+1)n(1+2(k+1)

which is the desired conclusion in this case.

2. (Partial solution.) Here we suppose that k = —p for some p > 1. In this case, it is clear that
the sequence (an)n>1 is strictly increasing and lim a, = +oo. In particular, there exists ng
- n—oo

such that a, > 1 for every n > ny.

1 mn
Now, let z,, = an/p , for n > 1. From an;; = an + af, we conclude that, for n > ng, we have
ab <any1 <2d so

Vn>ng, 1< 2 olpn
Zn

From the convergence of Z p ", we conclude that the infinite product H Il s convergent,
n>1 n>1

and this proves the existence of a constant & > z,, > 1, (that depends on aj,) such that

lim z, = &. i.e.

n—oo
. 1/p™
lim an/p =é.
n—oo

This is as much as I could get. O
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Solution 2: Moubinool Omarjee, Lycée Henri IV, Paris, France

1. All terms of the sequence are strictly positive and from the recurrence we get that the

sequence is strictly increasing. If a, converged to £, then from the recurrence we would get
that £ = £+ {* which is absurd, so an — +oo.

Now consider akt] — ak*™'. We have

k+1
Qe gkt = gkt ((1 Fapt) o 1)
k+1 k+ 1k _3k—
:¢ﬂ<H_JH+( )+O(%33)—Q
n

2a2k+2
(k+ 1Dk Q22
:k+1+&¢ﬂ+0( ) )

k+1 k

+1 —k—
SO agi;—ay — k+1, since a;;

1 5 0. Now from Cesaro Stolz theorem we have

n—1
akHl _ k+1
—— 1 a; )= k+1,
]:1
n—1 ak+1
and since Z(a}‘jll—a}‘“) = ak™—ak! we deduce that T ~k+1, or a*™ = (k+1)n+o(n),
j=1
so an, = (k+ l)ﬁn%ﬂ(l +0(1)) and hence an ~ (k + l)k%lnk%l.
From (I) we get
(k+Dk (k+Dk  k
2akt! 20k+1)n 2n

and by the equivalence of the partial sums of positive divergent series we have

aftl—ak — (k+1) ~

n—1

(k“ ‘.‘“ (k+1) ik~71nn
- s 222

SO

k
akt - (k+ On~ 2 lnn =

aktt = W+Dn+7mn+oﬂmﬂ
1
1 kilnn K+
= Dn)& (1 .
(k4 1)n)w < Ty o) (n lnn>> =
1 kinn
k+1Dn)et (14+ —— -1
= ((k+1)n)w < +2(k+1)2n+0(n lnn))
Again from (I) we have
n—1 n—1 n—1
K+l K+l _ (k+ 1Dk —2k—2
(a].+1—aj —(k+1))— W—FO (1]-

j=1 j=1 ) j=1
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and since a;‘“ (k + 1)j,

n n—1
K1 K1 (k+1k
> (g —a - er ) = 3 S o,
— — a;
j=1 j=1 )
k
Furthermore, from aX*! = (k4 1)n + 51nn+o (Inn) :
n—1 n—1
Z (k+ 1k _ k+1 k Z 1
= 2(1k+1 P (k+1)j + 5lnj+ o (Inj)
B E n—l1 1
2 j

kY K2 nj, i
) . 52 2
271 2kt 4 gl
k1 K
=-) -+0(1)=-lnn+0(1)
244 2
j=1
Now
n—1 n—1
K+ k 1 (k+1)
():1 * (k+1)>= g zilnn+0(1):>
j=1 j=1 )
k
G (k+1)n:§lnn+0(l):>
1
1 k Inn e+l
=((k+1)n)=1 (14 —c— -1
an = ((k+ )n)k+1( +2(k+1) - +O<n )) =
1 k lnn 1
an—((k—i-l)n)kH (1+Mn>+0<n )

Remark by the editor: The first part of the problem has also been discussed on the Greek
mathematical forum www.mathematica.gr (http://www.mathematica.gr/forum/viewtopic.php?
f=9&t=27892).

Several examples on asymptotics of recurrent sequences can be found in [1] and also in [2] and

[3].
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V3-5 Show that for n € N*:

(CD" o N (M) 2 2
Zr(w)_z In2+ > (-1) ) e
r>1 n k=0

Solution 1: Omran Kousa, Higher Institute for Applied Sciences and Technology, Damascus,

Syria
Note that .
1 n!(r—1)! .
= = 1— Nyr
r(™) (m+71)! JO( it
So
i (-t Jl i 1
= (1-t" (—t)" | dt
r=1 r(“:T) 0 r=1
1 1— (_t)m 1
= 1-t)" t=| (1—-t"——dt—R
JO( ) 1+t d L( ) 1+td m
with

1 tm 1 1
Ilezj (1—t)“dt§J t"dt= ——.
0 1+t 0 m+1

So, letting m tend to infinity we find that

which is the desired result. O

Solution 2: By the editor
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We have
1

> r((:}*):) =y (_Tl)r(n+r+ I)J t(1—t)" dt

>1 n r>1 0

@ Jln (_l)rfl . .
—— |t (n+1)Z . (l—t)—Z(t—l) dt

0 r>1 r>1
! 1t
:J t <(n+1)ln(2t)+> dt
2—1t
1—t=x _Jl x(1—x)"
0 1+X

_ (fEx- DX "
__JO Tx dx—(n—i—l)JO(l—x) In(1+ x) dx

1 11_ n 1 1— n+1y /
:—J(l—x)"dx—i—J( x) dx—(n—i—l)J —(i In(14 x) dx
0 0 1+X 0 TL—|—1
1 11_ n 1 _ 1
S S S Ly g S
n+1 Jo 1+x o 1+x
1 J’lx(l—x)“
n+1 J, 1+x

1

dx—(n—i—l)J (1—x)"In(1+x) dx
0

1

dx

dx

1 Jl I+x—1D1—x)"
0 1+X

n = n ! —
=9 ];0(—1)"<k)J t*1dt

1/2
n
2n_2nfk
— 9" n2 k(M=
n +;( )<k> >

n
n—k+1—k _ n on — 2kl
T 21’1[ 2 -1 n+1-k « =«
" +é( ) n+l—k/n+i—k

n—1
n\ 2m — 2k
=2"In2 —nk
" +;)( ) (k) n—k

The change of the summation and itegration sign is justified by the uniform convergence of the corresponding series on
[0,1] for n € N.
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Remark by the editor: A different approach is presented in [4] p.537.

+00

V3-6 Let F(x) := J dt for the values of x € R for which it can be defined.

0 et +xt

1. Find the MacLaurin expansion of F(x) at O, if it has one, and determine it’s radius of
convergence.

+o00 1 2
2. Show that lim (x+ e)l/zj - dt = n\[.
x——et o e +xt e

3. (*) Examine whether there exists a real number a < 0 such that

+o0o 1 2
lim (x+e)® ((x+e)1/2J n dt—ﬂ\/7> cR*
x——et o e"+xt e

and, for this real number a, in the case it exists, compute the limit.

Solution 1: Omran Kousa, Higher Institute for Applied Sciences and Technology, Damascus,

Syria
1. Studying the variations of @ : [0, +00) — R, @(t) = te™ ", we see easily that ¢ takes its values
+00 —t
in the interval [0,1/e]. Readily, this allows us to see that F(x) = J _° dt is defined if
o 1+xe(t)
and only if x > —e.
Now, consider x € (—e,e). Since
et s ¢ Ix|™ ¢
—— =) (x)"e"M(t)le | < ———M(t)e
T+ xo(t) n; e /e
and ~ ~ ) ~ |
“tetdt=| t" _(“H)tdt:J Me—Sgg— "
J, ortvetar=| e e T
we conclude that, for m > 0, we have
m—1
n!(-nn Ix|™ m!
Fx)— ) ———x"| < : 1
(x) é(n—l—l)“’“lx “1—|x|/e (m+1)m+D @

m! V2me ™

(m+1)ml e /m
letting m tend to +oo in () we conclude that

Now, using Stirling’s formula, we see that So, recalling that x| < e, and

o ni(="
Vx € (—e,e), F(x) = ninx“
T% (n+ 1)+l

which is the MacLaurin expansion of F at 0 and its radius of onvergence is e, this answers 1.
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2. and 3. Note that for t € (—1,1), we have F(—et) = Z an,t™ where
n=0
nle™  V2m (n+1)!
M+ evn+1 /2n(n + 1)(n + Dntle-n+l)

an =

Consider also

_ 7[\7@ (2n)!

bn e 22n(nl)?2

@)

@)

1
Starting from the well-known expansion n! = v2mn™e ™ (1 +0 (n)) we see that

e freo(2)
S{IONEE)
(rro(2)

V2n
Sa0)

ey/n

and similarly,

[ee)
So, an — by = O(n"%/%) and the series Z(an — by, ) is absolutely convergent. Let

“)

©)

©)

n=0
0= Z(an —bn).
n=0
The function G defined by G(t) = Z(an — by )t" for t € [—1,1] is continuous on this interval and
n=0

lim G(t) = G(1) = ¢

t—1—

But, for t € (—1,1) we have

= e s n e 1—t
Or equivalently,
2 1 X
— F(x) = - G(—
Vx € (—e,e), Fx)=mn . \/m—i— ( e)

Now, the fact that lim G(—x/e) = {, proves that

x—(—e)t

2 1
F(x) =my /= - +0+o(x+e as x — (—e)*t
16 Typesetting : IATEX



Asymmetry Vol.4 November 2013

This implies .2, and also proves partially .3 with a = —1/2. The desired limit ¢ is given by (6).

2 2
Now, noting that b, = cny1 — cn Where ¢, = T{ .n2l—2n < T?) we see that { = lim {,, where

n—oo
n—1 n—l1 n—1
En_Zam— b = am — Cn
m=0 m=0 m=0
VER (&1
€ le VM /2mmmme-m

- \/?ﬂ (i_ \/15 ( 2nm1:imem _1)

22 1
where we used the fact that c,, = Tﬂﬁ <1 + O(n)>. It follows that

=L (e ) +<(2)

1 =1
where we used the well known fact {(=) = lim E — —2v/1n |. We can accelerate the conver-
2 n—oo | = vk

gence of the series defining { using the asymptotic expansion of —1. This gives the

m!
V2mmmme ™
value { =~ —1.1440964591103915. This is a partial answer since it “computes™ only 16 digits of the
desired limit!. But the question remains : Can one express { in termes of some other well-known

constants ? O

Remark by the editor: The first part of this problem was Spring 2013, problem 7, of the Problem
of the Week page of Mathematics Department of Purdue University. A solution to this part by
the editor can be found in (http://www.asymmetry.gr/index.php7option=com_content&view=
article&id=8:2013-09-23-17-29-07gb&catid=8:maths&lang=en&Itemid=491).
The second part of the problem has also been discussed on the Art Of Problem Solving forum
(http://www.artofproblemsolving.com/Forum/viewtopic.php?f=67&t=521949).

References

[1] M. Omarjee, Asymptotics of Recurrent Sequences, http://www.asymmetry.gr/index.php?option=
com_content&view=article&id=136:2013-10-17-22-11-06&catid=8:maths&lang=en&Itemid=
596

[2] B.M. Makarov, M.G. Goluzina, A.A. Lodkin, A.N. Podkoryton Selected Problems in Real Analysis,
AMS, Translation of Mathematical Monographs, Vol.107, 1992

[3] N.G. De Bruijn Asymptotic Methods in Analysis, Dover, 1981

[4] G. Boros, V.Moll, IRRESISTIBLE INTEGRALS, Symbolics, Analysis and Experiments in the Eval-
uation of Integrals, Cambridge University Press, 2004

17 Typesetting : IATEX


http://www.math.purdue.edu/pow/
http://www.math.purdue.edu/pow/
http://www.asymmetry.gr/index.php?option=com_content&view=article&id=8:2013-09-23-17-29-07gb&catid=8:maths&lang=en&Itemid=491
http://www.asymmetry.gr/index.php?option=com_content&view=article&id=8:2013-09-23-17-29-07gb&catid=8:maths&lang=en&Itemid=491
http://www.artofproblemsolving.com/Forum/viewtopic.php?f=67&t=521949
http://www.asymmetry.gr/index.php?option=com_content&view=article&id=136:2013-10-17-22-11-06&catid=8:maths&lang=en&Itemid=596
http://www.asymmetry.gr/index.php?option=com_content&view=article&id=136:2013-10-17-22-11-06&catid=8:maths&lang=en&Itemid=596
http://www.asymmetry.gr/index.php?option=com_content&view=article&id=136:2013-10-17-22-11-06&catid=8:maths&lang=en&Itemid=596

